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The critical attice of the euclidean 3-dimensional space generated by the vertices of a regular 
tetrahedron T 1 of side length 1 provides a 3-solid sphere-packing of any regular tetrahedron 
T 'n derived by dilatation in the ratio m : 1 from the centroid of T 1. By means of a (permutation 
group) orbit method it is proved that that packing is locally optimal for ditterentiable 
perturbations. By means of an algebraic geometric method it is proved that the packing even is 
locally optimal for any small perturbation. 
O. Introduction 
As is well known to discrete geometers, the critical point lattices for the 
Euclidean distance function of the Cartesian R 3 are isometric one to another. Let 
L be one of them: It is generated by the 4 vertices of a regular tetrahedron T 1 of 
edge length 1. The symmetry group Sym(L) of L contains the semidirect product 
of the free abelian normal subgroup T(L) formed by the lattice translations of L 
and the symmetry group Sym(T 1) of the basic tetrahedron as subgroup of index 
2: 
Sym(L) : T(L) xSym(T 1) = 2. (0.1) 
The symmetry group of T 1 is faithfully represented by its permutation action on 
the 4 vertices A/1 (1 <~ i ~< 4) of TI: 
A : Sym(T1)_._> $4, r(A/1) = A,(~)( 01  (r e Sym(T1), 1 ~< i 6 4). (0.2) 
In order to exhibit the symmetry of T t we apply tetrahedral coordinates. We use 
the geometric entroid 0 of T 1 as origin and form the 4 vectors 
bi=-O--Ali (1 ~<i~<4). (0.3a) 
They are permuted by the symmetry group of T x according to the A-action 
~(b,) = ba(.)<,) (z e Sym(T1)) (0.3b) 
and they are characterized, up to isometry of the cartesian R3, by the dot product 
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rules 
b2=bi.bi=a8 (1~i  ~<4), (0.3c) 
b i .bk=-~ (1~<i~<4) (0.3d) 
which imply the sum equations 
4 
bi = 0 (0.3e) 
i=1  
and the edge length equations 
(b , -  bk)" (b i -  bk) = 1 (i :~ k; i, k = 1, 2, 3, 4). (0.3f) 
At this point let us explain our terminology. 
The Cartesian 3-space is defined as metric space ~3 on the 3-row space 
R3 = R3×l over the real number field R as carder. The distance PQ of two points 
of ~3 is defined by setting 
PQ = IV(Q - P) (Q  - P)TI (0.4a) 
The vector from P to Q is defined as the element 
PQ = Q - P (0.4b) 
of the 3-dimensional linear space R 3 over ~, said to be the 3-vector space. The 
dot product of two 3-vectors a, b is defined by 
a . b = ab r, (0.4c) 
the length of the 3-vector a is defined by 
lal = (0.4d) 
and the angle ~.(a, b) formed by two non zero vectors a, b is measured by means 
of the formula 
cos(~.(a, b ) )=a,  b/lal Ibl (o~<(a, b)-<~) (0.4e) 
The isometry group Sym(~ 3) of ~3 is a semidirect product of the abelian 
normal group T(~ 3) of the translation symmetries and the group 0(3) of the 
symmetries of ~3 fixing O: 
Sym(~ 3) -- T(~ 3) x O(3). (0.4f) 
Let us continue with the introduction. We observe for any point P of ~3 there 
exists precisely one presentation 
4 
OP'= ~ Zibi, (0.5a) 
i= l  
with real coefficients 21, ~.2, ~3, ~.4 subject o the condition that 
4 
~.i = 0. (0.5b) 
i=1  
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The numbers 
).i').i(P) (1 ~<i ~<4) 
are said to be the tetrahedral coordinates of the point P. 
tetrahedral coordinates of A/x are 
Ai = 3, Aj= -~ (l <~j<<- 4,j=/=i) 
corresponding to the equations 
1 4 
bi =-O-'~ = bi - '4 71bJ 
(0.5c) 
For example the 
(0.5c) 
(0.Sd) 
Tetrahedral coordinates are redundant in the sense that any one of them is the 
negative sum of the other three. But they exhibit the action of the symmetry 
group of T 1 on g3 more clearly than ordinary Cartesian coordinates inasmuch as 
4 
Or(P) '= ~ Ziba(~)(i) (1: ~ A Sym(T1)), (0.5e) 
i=1 
which amounts merely to coordinate permutation. 
In this paper we study sphere packings of the g3, i.e., point sets O ° of the g3 
which are admissible in the sense that 
PQ >i I (0.6) 
for any two distinct points P, Q belonging to b °. In other words any two of the 
solid spheres 
o (P )= {XIX~ g3 and pX~< ½ } (0.7) 
centered at the points P of ,9' and of diameter 1 do not have an inner point in 
common whenever they have different centers. 
An example is formed by the critical lattice L. 
In order to assess the packing density of the sphere packing ,5" we form the 
volume V(Se, mC) of the intersection of the union of the solid spheres o(P), 
(p ~ 5e) with the convex body mC where C is any convex body of g3 with O as 
inner point and mC = {P I Q ~ C and OP = mOQ }. 
It can be shown that the limit 
6(5¢) = lim inf V(Se, mC) 
m--~ V(mC) 
is independent of the choice of the convex body C and its 3-volume 
Moreover, if 5e is a lattice of mesh A(Se), then 
v(c). 
6(5e)= lim V(St', mC)= !6~ (0.9) 
m.- . ' .® V(mC) A(St') 
in particular 
a(L) = ½vr2, (5(L) = ~V'2. (0. lOa,b) 
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Note that the constant 16~x equals the volume of a solid sphere of diameter 1 so 
that 6(b") measures the fraction of 3-space filled by solid spheres of diameter 1 
centered at the points of 6e in any sufficiently large section of the Cartesian 
3-space. For any admissible 
obtaining if and only if L 
inequality 
3-lattice re we have di(Ae)~< 6(L) with equality 
and 5e are isometric. This is tantamount to the 
A(S") ~> A(L), (0.11) 
characterizing L as critical lattice for euclidean distance. The sphere packing 
conjecture states that 
b(S¢) ~< 6(L) (0.12) 
for any admissible pointset 9 ~. 
In this paper we shall show a local result supporting the validity of the sphere 
packing conjecture (see Theorems 1 and 2). 
Let m be a real number 31. Let 
T m = mT 1 (0.13) 
be the solid regular tetrahedron of edge length m which is centered at O and 
which is obtained from T 1 by application of a dilatation in the ratio m: l .  Since 
the hexagonal lattice L provides a sphere packing, the finite subset 5e m of L 
formed by all lattice points P with the property that a(P) N T m contains an inner 
point of T m, also is a sphere packing such that 
V(L, T" )= V(~ ~', Tin). (0.14) 
In our study we explain an orbit method for 3-sphere packings that approximate 
the critical lattice differentially and we show 
Theorem 1. Let 5"(0), 9"(0)be subsets of the critical lattice L with the following 
properties: 
Both re(O), 5"'(0) are invariant under the application of Sym(T1). For any one 
of the 6 transpositions 
A(T:) = (12), (13), (14), (23), (24), (34) (0.15a) 
of ASym(T 1) and for any point P of ,5"(0) any point Q of L belonging to the 
straight segment 
PT(P) - {X IX  e ~3 and PX'= ~, Pr(P)', (0<~ Z<~ 1)} (O.15b) 
belongs to S~'(O). 
For each real number t belonging to the unit interval 
[0, 1] = {x Ix eR  and O~<x~ 1} (O.16a) 
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let there be a mapping 
¢~t _. ~ ,  (0)_.. > ~3 
satisfying the conditions 
¢,(P)ep,(a)>-I (e, ae~'(o),  P~:a). 
tf 
, , ( t , )  = X,(e(t))b,, 
i=1 
then we have 
lira z,(e(t)) = ;ti(P(0)) 
and the differential quotient 
.. rp'~ = lim Z,(P(t)) - ).,(P(0)) 
t--,o t 
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(0.16b) 
(0.16c) 
(0.16d) 
(0.16e) 
(0.160 
exists for i = 1, 2, 3, 4 and all P in ~f'(O). 
Then the volume conm'bution V(~f(t), T m) arising from the sphere packing 
Y(t) = ~,(Se(0)) 
is a real-valued function of t that is differentiable at t = 0 such that 
d 
~t (e(se(t), T%-_o <~ O. 
Our theorem applies to ditterentiable perturbations of the critical lattice or of 
certain symmetric parts of it. The contention is that such perturbations never will 
increase the density. 
Theorem 2. Let m >I 1. Let 5 '~ be the subset of all points of the critical lattice L 
which are of distance <½ from the solid regular tetrahedron. It provides a 3-sphere 
packing of T m that is locally optimal in the following sharp sense: 
There is a positive number e <~ ½ such that for all mappings 
~p :,7~n...> ~3, (0.17a) 
satisfying the conditions 
Pdp(P) < e (P ~ ~) ,  (0.17b) 
~p(P)~p(Q) >t 1 (P, Q ~ b'~), (0.17c) 
~5 ~ 4: ~ ,  (0.17d) 
the 3-sphere packing dp5 ~m of T m is not as good as ~m. 
V(dp~ n, Tin)< V(,~ct ~'n, T m) (0.17e) 
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Theorem 2 is offered as an attempt to arrive at a mathematical explanation of a 
famous experiment of Bernal t who slowly poured inelastic spheres of equal 
diameter into a regular tetrahedral cone with one face missing and observed that 
the spheres assumed critical lattice point positions. 
1. Study of differentiable perturbations of symmetric subsets of the critical 
lattice 
For the proof of Theorem 1 we need the following string inequality. 
Lemma 1. Let 5e(0) be a tight string sphere packing: 
5e(O) = { Po, PI, . . . , Pk } (k e Z~°; P~ e ~g3, 0 <<- i 6 k ), 
PoPI = 1, P~- ~ P~ = PoPz (1 < i ~< k). 
Let 
¢," Y(O)---> ~,3, eA(Pi) = Pit)  e ~3 
be a mapping of  ~(0) on a sphere packing: 
6e(t) = {Po(t), P l ( t ) , . . . ,  Pk(t)}, 
J 
P~_x(t)Pi(t) ~> 1 (1 <~i<~k) 
(1.1) 
(1.2a) 
(1.2b,c) 
(1.3a) 
(1.3b) 
(1.3c) 
depending on a real number t belonging to the unit interval [0, lJ. We assume that 
dpt is differentiable at t = O. Let 
4 
OPi(t) = E lij(t)bj, lij(t) ~ R. 
j= l  
where 
lq(t) = O, lira lq(t) = t o (1.4b,c) 
j= l  t--*O 
lim ~°(t) - ~q(O) 
t--,O t 
=~.qeR ( l<~j<.4,0<~i~k) .  (1.4d) 
Then there holds the string inequality 
d j 
(1.5a) 
io e° 
4 4 
~'~ (g~(0) -  go,(O))bi " ~ (~k~ - 3.o,)bi >t O. 
i= l  i=1  
1Bernal, J.D. and Mason, J., Nature, London (1960) p. 188 and p. 910. 
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Proof. If k = O, then the string inequality is trivial. Let k e Z >°. The inequality 
(1.3c) and the eqs. (1.2c), (1.2b) lead upon differentiation to the inequality: 
) Pi-~P~ • Pi_~(t)P~(t) t> 0. (1.6a) 
t~---0 
Because of (1.2b), (1.2c) we have Pi_~P~'= k-lP----~k. Hence (1.6a) is tantamount 
to 
PoPk" Pi-l(t)Pi(t) I>0 (1 <~i~<k). 
t=O 
Adding up the k inequalities (1.6b) yields (1.5a). 
Proof of Theorem 1. For convenience sake let 
P = e(o) ~ 5"(0). 
(1.6b) 
[] 
(1.-7) 
The application of Sym(T ~) to 5"(0) amounts to a permutation representation 
F"Sym(T~)--*S~(o), F'(P)=r(P) (PE..,cf(O);vESym(T1)). (1.8) 
Its orbits are one of the following. 
I. Orbits of 24 points ("general position") 
They consist of the 24 distinct points :t(P) of 5"(0) derived from a point P of 
5"(0) satisfying 
A~(P) < Z2(P) < Z3(P) < A4(P) (1.9a) 
by setting 
4 
O~(P)'--  Z ).i(P)b~(i), (Jg 6 $4). (1.9b) 
i=1 
II. Orbits of 12 points ("general edge position") 
They consist of the 12 distinct points at(P) of 5"(0) derived from a point P of 
5"(0) satisfying 
)-I(P) = A2(P) < ~,3(P) < X,(P) (1.9c) 
in accordance with (1.9b). 
The orbits of 12 points derived from points P of if(0) satisfying 
~,l(e) < X2(P) = )-3(P) < )-4(P) 
or  
~,l(e) </~2(e)  </~3(e)  --/~4(e) 
are treated as degenerate cases of I. 
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III. Orbits of 6 points ("mid-edge position") 
They consist of the 6 distinct points ~t(P) of 5e(0) derived from a point P of 
5e(O) satisfying 
XI(P) = ~,2(P) < ~,3(P) = Z4(P) (1.9d) 
in accordance with (1.9b). 
IV. Orbits of 4 points ("vertex position") 
They consist of the 4 distinct points ~r(P) of 6e(0) derived from a point P of 
6e(0) satisfying 
~.l(e) = ~t2(P)= ).3(e)< z,(P) (1.9e) 
in accordance with (1.9b). 
We observe that the volume contribution V(6e(t), T m) is the sum over the 
volume contributions over the orbits X of Sym(T 1) acting on ,9'(0): 
V(6f(t), T m) = ~ V(X(t), T m, (1.10) 
X 
where 
V(X(t), T m) = ~ V(o(P(t)) n T"), 
PeX 
so that it suffices to prove the orbital inequalities: 
d V(X(t), T"),_-o ~ 0. 
dt 
(1.11b) 
If one of the points of X = X(0) has distance >½ from T m, then the same is true 
for all points belonging to X and V(X(t), T m) equals 0 for all sufficiently small t 
so that 
d 
: -  v(x ( t ) ,  T m) = O. 
dt 
(1.12) 
Similarly, if one of the points of X belongs to the interior of T m and has distance 
>½ from the boundary of T m then the same is true for all points Q belonging to X 
so that o(Q) belongs to the interior of T m and V(X(t), T m) equals i6:x IXI for all 
sufficiently small t so that (1.12) holds once again. 
We now make the assumption that for each point Q of X the solid sphere o(Q) 
has a point in common with the boundary of T m. 
Let us observe also that the points Q of L are characterized by the condition 
that 
~Ai(Q)=O, 4~.,(Q)e-l+4Z (1~<i~<4). (1.13a) 
i----1 
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On the other hand the point Q of ~g3 belongs to T m precisely if 
min 42,(0) ~> -m.  (1.13b) 
1~i~<4 
The assumption which we made on X is tantamount to the inequality 
-m - ~/6~ < rain 42i(Q)~ < -m + 1~/6, (1.13c) 
1~i~<4 
for the points Q of X. 
Case I, and degenerate cases 
For any point Q' sufficiently close to Q the intersection a (Q ' )N  T m is a 
spherical cap of thickness 
tr = ½ + ~/6  (min 42i(Q) + m), 
and volume ~(a~), a differentiable strictly increasing function of a¢. 
Hence 
d 
da VI(t~) ~> 0. (1.14a) 
Actually upon using Cavalieri's principle we see that (d/da0Vi(a 0 > 0, if a(P) 
has an inner point in common with T m, but a(P) does not belong entirely to T m. 
Similarly we have 
2h(Q)= min 2i, d m__ (~ ) 1~i,~4 d--t V(a(Q(t)) tq T )t---o- l~/62h(Q)(Q) Vx(~) oc=oco 
where a~o = ½ + ~6~/6(4Jth(Q) -t-m), 
d v(x(t )  N Tm)t=o -~/6(~ Vi(tr)) 
dt 
(1.14b) 
(1.14c) 
In view of (1.14a) it suffices to show the inequality 
2-h(a) ~<0, (1. lad) 
QeX 
in order to demonstrate (1.11b). We apply Lemma 1.1 to the pairs of points P, Q 
of X with P as above, 
OQ'= 22(P)b, + 2.,(P)b2 + 23(P)b3 + 24(P)b, 
and obtain the inequality 
(22(P)-  21(P))(bl- b2)- ( (~I(Q)-  ,~l(P))bl -b (,~2(Q)- ,~2(P))b2)~>0, 
-Rx(Q) + 3-1(P) + )-2(Q) - ~2(P)~<0, (1.14e) 
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similarly 
-~ I (R)  -}- ~q(P) q" ~,3(R) - ~,3(P) ~< 0, 
-~.~(s) + X~(P) + L (s ) -  L(P)~<o, 
(1.40 
(1.14g) 
for the points R, S of X for which 
OR = ~.3(P)bl + ~,2(P)b2 + ~,l(P)b3 + ~.4(P)b4, 
OS'--  ~,4(e)b 1+ x2(e)b 2 + ~,3(P)b3 + ~.l(e)b4. 
Thus for each of the 24 points of X we obtain 3 inequalities like (1.14e-g). 
Adding up all 72 of them we obtain an inequality with P-contribution equal to 
2(3~,1(P) - J.E(P) - ~3(P) - ;t4(P)). 
It is equal to 8~,1(P) in view of the equation 
4 
J . i (Q)=0 (Q e 6e(0)), (1.14i) 
i=1 
that is derived from 
) . , (Q)=0 (Q e SP(0)) (1.14j) 
i----1 
upon differentiation at t = 0. 
Hence, by symmetry applied to X 
8,~h(Q) < 0, 
Q~x 
which implies (1.14d). 
Cases II and III 
For any point P'  sufficiently close to P the intersection o (P ' )A  T m is a 
spherical wedge W with angle y between the sides of the wedge equal to the angle 
between any two faces of T m with edge of the wedge e intersecting the plane 
y(W) which passes through P'  and is orthogonal to e at the point R' defined by 
P 'R '  = u(b~ + b~ -b~ - b,) + t~(b~ - b~), 
where 
U --" ½(/~,l(e') -4"/~2(e') - /~ , l (e )  - ~,2(e)) 
= ½(/~l(e ' )  - /~2(e '  ) - /~ , l (e )  -~-/~2(e)). 
The volume of the spherical wedge is a differentiable function VII(G, r )  of u 
and fl which is strictly increasing with u for fixed r:  
a 
~a Vn(u, fl)~>O, (1.15a) 
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Actually we see that 
as a consequence of the Cavalieri principle unless o(P) has just one point in 
common with T m. 
By symmetry it is an even function of fl for fixed a~: 
ViI(0~', --~)---  VII(0~' ' ~),  
so that 
0 
~fl Vii(if , 0 )=0 
The point P(O) corresponds to the values a~o = O, flo--O, of a~ and ft. Hence by 
the chain rule 
(d  V(o(P(t) M Tm)))t=O = ( -~ Vii(ol, fl))a=o ½(:.x(P)+ ~2(P)), 
and by symmetry 
(d  V(o(ar(P)(t)) N Tm))t= °
(° ) - Vi,(o , ½(L(1)(Q)  + 
ot=O Q~X 
where :~ is a permutation of 1, 2, 3, 4 such that 
4 
-O--O' = ~ ~,i(e')b,¢(i), ~'~ (~',~o)(Q) +~.,~(2)(Q)) ~< 0. 
i=1 Q~x 
But using the same inequalities as in Case I we see that 
8).,(1)Qr(P)) ~<0, ~ 8~,,,(2)Qr(P)) ~<0. 
Hence the inequality (1.15c). 
(1.15b) 
(1.15c) 
Case IV 
For any point P' sufficiently close to P the intersection o(P')rl  T m is a 
spherical cone obtained by intersecting o(P') with the tetrahedron Tm. Its vertex 
is A~' given by 
P'A'~= olb4 + fl(bl - b2) + ]/(b2 - b3), 
such that OA~" = tuba, a = m - ~.a(P'). 
The volume of the spherical cone is a differentiable function Viv of tr, fl, ~, such 
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that Vrv is strictly increasing with tr if fl, y are kept fixed: 
o°e V,v(e, t~, r )~o.  
Indeed we have 
a 
~ Viv(,~, t~, r )>o,  
unless P is a vertex of T m. 
Furthermore because of the rotation symmetry of T"  of order 3 fixing A~' it 
follows that 
For P '=  
In order 
where :~ 
( V v(o o-0 
P we have a~ = a~0 = m - ~A4(P), fl = flo = 0, y = Y0 = 0. Hence 
4 3 
(d  V,a(P(t),N Tm))t=o-"-3 (~ VIV(°#' O,O,)a,__0/~ 4. 
to establish (1.11b) it suffices to prove that 
Z ~.,~(4)(Q) >1 0, 
Q~x 
is a permutation of 1, 2, 3, 4 for which 
4 
O JF t Q = ~'~ xi(e )bg(i). 
(1.16a) 
(1.16b) 
(1.10c) 
(1.16d) 
i=1 
We apply Lemma (1.1) to the pairs of points P, Qi of X with P as above and 
Q1, Q2, Q3 the other 3 points of X, say 
OQa = ;t4(P)b~ + 22(P)b2 + ~.3(P)b3 + Xa(P)b4, 
D 
OQ2 = X~(P)b~ + ).,(P)b2 + ;-3(P)b3 + 22(P)b4, 
OQ3 = X l (P )b l -  3.2(P)b2 + 24(P)b3 + ~.3(P)b4. 
As a result we obtain the 3 inequalities: 
~q(P) -  ~q(Q~)+ )-4(Q~)- )-,(P)~<0, 
~,2(P) - ~.2(Q2) + ~,(Q2) - ~-,(P) ~< 0, (1.16e) 
J-3(P) - ~.3(Q3) + ~.4(Q3) - J-,(P) ~< 0. 
Thus for each of the 4 points of X we obtain 3 inequalities like (1.16e). Adding 
up all 12 of them we obtain an inequality with P-contribution equal to 
2(i1(P) + Z2(P) + ,~3(P)) - 6,~4(P) = 8,~,(P). 
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Using the symmetry of the orbit X, upon sign reversal and multiplication by18 the 
desired inequality (1.16e) results. [] 
The orbit method per se does not lead to the conclusion that the sphere 
packing 5e m of T m is locally optimal in the sense defined above. 
In fact, one can construct perturbations of single orbits and attached strings 
such that the sphere volume contribution increases rather than decreases, e.g. let 
5e(t) consist of the six points derived from the midpoints of the edges of T 4 by 
applying Sym(T') to 
X(t) = (1 -  t2, 1 -  t2, rE- 1, t2 -  1). 
The twelve points of the connecting strings are obtained by application of 
Sym(T') to 
where 
Y(t) = (1 + 2k, -k ,  -k ,  -1) ,  
k = -½t 2 + tV~3- ~t  2. 
In order to show the local optimality of the sphere packing 5e m of T m it is 
necessary to take into account the totality of all orbits of Sym(T'). That will 
require the use of other methods which will be considered in Section 2. 
2. Loall optimality of the 3-sphere packing 5e '~ of T" 
Theorem 2 is equivalent to 
Theorem 3. Let m >I 1. For any mapping sequence 
tPn : 5em-'* ~g 3 (2. la) 
satisfying the conditions (0.17c), (0.17d) as well as the condition 
lim q~n(P) = P (P e 5¢ ~)  (2.1b) 
n--~OO 
there is an index M such that we have 
V(¢,5¢ ~, T m) < V(Se m, Tin), (2.2) 
for all n > M. 
Proof. Assume that Theorem 3 is false. So there is a mapping sequence (2.1a) 
satisfying (0.17c), (0.17d), (2.1b) and 
V(~n~ , T m) ~ V(~,  Tin), (2.3) 
for all natural numbers n. 
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Let 
Let 
= {e l ,  P2 ,  • • • , Pit(m)}. 
x4(i_l)+j'-~j((~(Pi))-t~](Pi) (l<~i<<-x(m), 1~<j~<4) (2.4a) 
be the 4r(m) tetrahedral coordinate perturbations for any mapping (0.17a). 
Let M(4)) be the real algebraic manifold defined by the algebraic relations 
4 
E Y4(i-1)+/-'O (1 <-i<~x(m)), (2.4b) 
j= l  
4 
dp(ei) = ei + E y4(i_l)+]b/ (1 ~ i <~ x(m)),  
j= l  
~(P/)cP(Pk)2 = 1 (l<~i<k<~k(m),PiPk=l) 
in the 4k(m) variables 
Yi (1 ~<i~<4x(m)). (2.4d) 
The coordinate perturbations of the points of q~q~ as well as of 5e m form 
4x(m)-tuples belonging to M(q 0. In the latter case we have the zero 4r(m)- 
tuple. 
Since there are only finitely many distinct algebraic manifolds to choose from 
for a fixed value of m, we can assume without loss of generality that MOP,) is the 
same real algebraic manifold for n = 1, 2 , . . .  
Each real algebraic manifold is the intersection of finitely many irreducible real 
algebraic manifolds. Without loss of generality we can assume that all 3-sphere 
packings q),,Se m define points of the same irreducible component M of M(¢1) (in 
terms of the corresponding 4r(m)-tuples of coordinate perturbations). Because of 
(2.4b) it follows that also the zero 4x(m)-tuple belongs to M. 
Because of (0.17d) the dimension of M is a natural number d. 
It follows from Zariski's local uniformization theorem [1] that there are d 
variables ~1, ~2, • • •, ~a and 4x(m) real power series 
ari= ari(~l, ~2, . . . ,  ~a) (1 ~<i ~<4x(m)), (2.5a) 
with positive radius of convergence 6 such that the 4x(m)-tuple 
Yi = :ri(~l, ~2, . . . ,  ~a) (1 ~<i ~< 4x(m)), (2.5b) 
defines a "point" of M if 
d 
y~ ~/z < 62, (2.5c) 
i=1 
and that those "points" form a neighborhood of the zero 4x(m)-tuple on M. 
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Moreover, the zero 4x(m)-tuple is obtained by setting 
~1 = ~2 =' "= ~d = 0 in (2.5a), (2.5b). 
Without loss of generality we assume that 
Xin=ff[i(~ln, ~2n,. . . ,  ~dn) (1 <~i<<-4x(m)), 
are the coordinate perturbations corresponding to On ~m and that 
I j.l<6 (1-<y-<d), lim ~jm--'O (l<---j<<-6), 
n---.oo 
where (2.5e) is tantamount to (2.5c). 
From (0.17d) it follows that 
d 
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(2.5d) 
(2.5e,f) 
Z ~2 = 62 ,  (2.5g) 
j=l 
0 < 61n < 8 and lira 61, = 0. (2.5h,i) 
The bounded d-vector sequence 6i-2(~1,,, ~2,, • • •, ~a,) contains a convergent 
subsequence. Without loss of generality we assume that 
tim 6i-,~j, = r b (2.5j) 
n---~OO 
exists so that 
d 
Z r/j =1 .  
j= l  
Apply ing a suitable orthogonal parameter transformation we can assume that 
r h = 1, 7/2 =-  • • = r/a = 0, (2.51) 
hence 
(2.5k) 
l im ~1n6i-, a = 1. (2.5m) 
tl.--~OO 
In case there are infinitely many d-tuples 
(~1,, • • •, ~a . )~ (~1,, 0 , . . . ,  0) (2.5n) 
we can assume without loss of generality that (2.5m) holds for all n. In that case 
we have 
d 
~ 22 
= 6 ln62n, 
j--2 
where 
0 < 6z,,, lira 6z., = O, 
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and there is the bounded vector sequence 
6726~2(0, ~ , ,  . . . , ~ , ) .  
As above we assume without loss of generality that the new vector sequence is 
convergent, and that after suitable orthogonal parameter transformations 
lim 67,~6~x(0, ~z~,. . . , ~d , )= (0, 1, 0 , . . . ,  0). 
n--.~oo 
Continuing with this construction we find a natural number d' ~< d such that 
~j. 4=0 (l <-j <- d'), ~j,,,=O (d' < j '  ~<d), (2.50) 
and that 
where 
d t 
~'. ~52= 62 . - . . .  • 62,, (l<~j ~<d'), (2.5p) 
i=j 
6j,, > 0 (1 ~<j ~< d'), (2.5q) 
l im6p,=0 (l~<j~<d ') and l im~j , ,6 i -d - . . . .6~l= l .  (2.5r,s) 
n----~oo /,l..-,~oo 
This construction suggests an inverse 
monomials in ~1,  ° ° ° , ~d  SO that we set 
if either il < k l ,  or if ij = kj (1 ~<j < h), 
l<h<-d .  
lexicographic total ordering of the 
(ij, kj 1 <- j <- d) 
i h < k h and h is an index satisfying 
The real power series ;r in ~1, ~2, • • •, ~d with positive radius of convergence 
form a totally ordered commutative R-ring according to the algebraic ordering: 
~r > 0, if and only if ~r is a non-zero power series with lexicographically highest 
monomial 
with positive coefficient ZQr). 
Moreover, it follows that ar(~l,, ~2,, • • •, ~a,) > 0 for all but a finite number of 
indices n. 
Let us investigate the coordinate perturbations 
X4( i - -1)+j -"  ~ j (~n(8) ) -  ~ j (8 )  ~" ff~4(i--1)+j(~ln " " " ~dn) 
If they are not zero, then they are said to be of the same order as the order of 
~(at4(i-z)+i). The order of q~.-displacement of P~ is defined as the maximum for 
j= l ,  2, 3, 4: 
~(8) - -  max ~(.7l~'4(i_1).1..j). 
1~j=~4 
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For any point Pj of ,9 °m there is a permutation r = ri contained in $4 such that 
z.(1)(P,) z.(2)(e,) z.(3)(e/) z.(,)(P,). 
The coordinate perturbation x4(i-1)+j is said to be lateral i f  either 
(a) ~,lr(1)(P/) (~.,(2)(P/) <~-/~,.c(3)(lP/) <~- ~,,(4)(P/) and 
(b) ~,~(1)(P/) --" .~1:(2)(P/) < Z.(3)(P/) ~ Z1:(4)(P/) and 
(c) A~o)(Pi ) = ;%(2)(Pi) = ~.~(3)(P~) < ~.~(4)(P~) and 
1 < z'(j) <~ 4, or 
2 < l:(j) <~ 4, or 
r(j) =4. 
Any other coordinate perturbation of P~ is said to be transversal. 
If the transversal coordinate perturbations vanish, then the volume contribu- 
tion V0Pn(P/), T m) is the same as the volume contribution V(P~, Tm). 
If there are negative transversal coordinate perturbations and if a(P~) does not 
belong to the interior of T m but has an interior point in common with T m, then 
we have 
V(dpn(Pi), Tm)< V(Pi, Tin). 
But if the transversal coordinate perturbations are all non negative and at least 
one is positive and if a(P~) is not contained in T m, then we have 
V(cPn(P~), r m) > V(Pi, Tin). 
If there is an index j such that 1 ~<j ~< 4, x~i-1)+,o) < 0, but x4(i-1)+,(j,) = 0 if 
1 ~<j' < j  then the ~n-displacement of P~ is said to be "out". Otherwise the 
displacement is said to be "in". 
For any string P/0, P/,, • • •, P~,, (k > 0), beginning at P/o with maximum order of 
J 
~pn-displacement of P/0 such that the displacement of P~0 in the direction P/oP/, is 
positive of the order ~(P/) it follows from the string inequality (Lemma 1) upon 
setting 
~h(t) = t~hn(P/o) (0 ~< t ~< 1), n sufficiently large (1 ~< h ~< d) 
J 
that the q~n-displacement of P/l, P~2,.--, PJ, in the direction of P~0P/, also is 
positive of maximum order ~(P/0). This is because differentiation with respect o t 
is valid in view of the maximum coordinate perturbation of P~o- 
It follows from this argument by the use of outward directed strings that among 
the points of Sem with maximum order of displacement there always is a point P~ 
with the property that a(P~) does have an interior point in common with T m, but 
that a(P~) does not belong entirely to T m and that there is a transversal "out" 
coordinate perturbation of P~ of maximum order. It follows from Theorem 1 that 
the change of the volume contribution of the spheres of the Pcorbit under ~n is 
negative of maximum order. The same is true for all orbits like the P/-orbit. 
Since the change of the volume contribution of the other orbits of ,~m is of 
lesser order of magnitude, it follows that, all told, the ~n-change of the volume 
contribution of the sphere packing 6 en to T m is negative which contradicts 
(2.1a). [] 
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